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The conventions of language can be formulated differently, but the purpose of language in providing a functioning social description of the world remains constant.
                                                  Paul Ernest


Social conditions obstruct the development of judgment and insight or effectively promote it.
		                     John Dewey 
ABSTRACT
“The language of mathematics has been a concern of the mathematics education community for some time . . . .” This paper considers the language associated with formal presentations as epistemologically and ethically wanting as it leaves the critical investigatory thinking that gave shape to the final argument unconsidered. Were the heuristics that informed the conceptual development to accompany the presentation, the language of invention would join with the language of demonstration and enliven the mathematics experience. A format presenting that unifying cultural diversity with regard to the demonstration of mathematical proof is included along with other examples.

INTRODUCTION
Mathematics is a formal language (cf. Hestenes and Sobczyk, 1984; Morgan, 1996; Silver, 2017; Wilkinson, 1987). Symbols, verbs, and nouns serve to express rules, concepts, and terms that concatenate to definitions, problem-solving procedures and proofs. Taken together they constitute the expository language of mathematics found in mathematics journals, textbooks, and formal presentations.  As a communication given to informing, there are epistemological and ethical considerations that deserve examination. Morgan, whose quotation began the abstract, draws on Halliday’s language categories of the ideational, interpersonal, and the textual, associating the ideational with “a picture of the nature of mathematics”, the interpersonal with “the relationship between the author and the reader”, and the textual with “the way in which the text is constructed as a coherent, meaningful unity” (1996, pp. 2-3).The three contexts could well be seen as being problematic in providing a misguided understanding regarding the development and engagement of mathematics. With the aesthetic of presenting mathematics not acknowledging the informal language associated with the aesthetic of doing mathematics, the formal demonstration format would tend to disfigure the constructive nature of the engagement and thereby problematically impact the teaching and learning of mathematics, including how students feel about their capability as mathematical problem solvers. 
Crawford et al. found that “In presenting mathematics [‘as a finished and polished product’], the processes which created this information are hidden. . . . [and] misrepresents the nature of mathematics itself” (1998, p. 466). And, with “Communication's powers . . . to repress and to inspire , . .   to oppress and to comfort, to deceive and to enlighten, . . . [locating] the direct link between communication and ethics” (Makau, 2009, p.1), the epistemological disconnect that exists between the practice and presentation of mathematics raises ethical concerns as well. The research literature locates stress and even phobic responses as evidence of students’ problematic mathematical experience (cf. Boaler, 2008; Burns, 1978; Hersh and John-Steiner, 2011; Maloney and Beilock, 2011). This unfortunately would be expected with the formal presentation model excluding what is involved in the productive engagement of mathematics, leaving students to their own devices for engaging mathematics problems and developing deductive arguments.
Experience makes apparent “mathematics as presented” is fundamentally different from the “mathematics in the making”. Polya noted the distinction where the effort to gain insight enough to solve a problem may take many different paths and considerations to be tested, while the presented mathematics represents the conclusion of the investigative experience absent of the critical considerations associated with the inquiry process. With the demonstration absent of its formative development mathematics is presented as art in its “austere beauty which diminishes the opportunity for it being understood as science where critical decisions that informed the decision making and resolution are included in the final presentation.1 Schoenfeld, writing about his experience teaching mathematics and that of the profession, shares that “In presenting a polished solution [‘a part of our professionalism’], we often obscure the processes that yielded it, thus giving the impression that things should be easy for people who study the subject matter. In consequence, the give-and-take of real problem solving . . . are all hidden from students. Yet these are the processes that must be brought out into the open” (1989, p. 200), even for those with considerable expertise (Thurston, 1994).
The hidden mental actions locate the heuristic engagement of mathematics which this writer refers to as the set of problem-clarifying strategies in contrast to the problem-solving procedures that populate mathematics demonstrations. The former have their roots in common or informal language, acknowledging the lived experience of the investigative encounter, and includes expressions such as take things apart, tinker, reason by analogy, visualize, etc. Polya defined heuristics as “the study of means and methods of problem solving” (1962, vol. 1 p. vi) which would include both the procedures and the strategies. However, the latter get little if any recognition in textbooks as they are not expressed in the formal language of mathematics, yet they are essential for providing the connective tissue establishing deductive arguments.
The exclusion of the experiential dimension from the formal presentation would seem to be the consequence of habit and custom, as the contemporary model of mathematics demonstration is as Plato established almost two and a half millennia ago: absent of signs of investigation, of the heuristic formulation representing the inquiry effort. With Plato’s assuming mathematics exists complete in a World of Forms, the recovery process needed to locate the argument was seen as distinct from the formal presentation (Gordon, 2019b).2 Instances will be considered to make explicit the epistemological bifurcation along with means for amelioration. The ethical dimension of the problematic communication will be addressed as well. It will be argued that habit and custom provide insufficient reason to continue the perpetuation of such a limited and limiting language regarding the engagement and presentation of mathematics, especially as human beings naturally and logically draw upon the language of heuristics to create, investigate, make sense of, and appreciate experience and ideas. 
THE NATURAL INVESTIGATIVE LANGUAGE THAT IS HEURISTICS
Halliday (1975) found children’s language to include a “heuristic function” he described as the “language that is used to explore, learn and discover”. However,  as noted, as essential it is to thoughtful investigation it was at a distance from what Plato thought was needed for mathematics demonstration. Etymology helps to clarify the distinction. The word mathematics, with its roots from the ancient Greek mathema, meaning “that which can be known”, was a reflection of the thinking that only the permanent could be and ought to be posited. Heuristics, also from the ancient Greek, heuriskin, meaning “serving to discover”, wasn’t given the same level of acknowledgement as it represented the impermanent, the collection of practices in the service of uncovering what was permanent (as in the decision making associated with creating a sculpture). However, as Halmos recognized, “Mathematics . . . is never deductive in its creation. The mathematician at work makes vague guesses, visualizes broad generalizations, and jumps to unwarranted conclusions” (1968, p. 376). That perspective is shared by MacDonald (1973) who wrote that “Mathematicians do not create through the formal apparatus – they only apply formalisms after ‘guessing’ results intuitionally” (p. 107; italics in original). That is, the intuitive engagement of heuristics plays a foundational role in investigatory efforts (cf. Reiss and Renkl, 2002; Ippoliti, 2020). In its absence, the “Deductivist style hides the struggle, hides the adventure. The whole story vanishes” (Lakatos, 1976, p. 151). And it is that exposition which makes evident what doing mathematics is about. 
For instance, Ippoliti (2020) shared how the foundational development of a mathematical group began with Lagrange drawing upon the heuristics of look for similarities, change of representation, generalize from particulars, reason by analogy, also mentioning the heuristic role of notation and a new concept. Were heuristic considerations common to the mathematics textbook and journal presentation and by extension the classroom conversation, practitioners and students would have greater opportunity to gain a more realistic and complete understanding, securing a more educated intuition that would inform their investigative effort and reading of mathematics. 
The criteria at present of a “good” proof are that it contains a convincing argument that something is the case along with an explanation why it is the case (Hersh, 1993; Thurston, 1994; Rav, 1999; Byers, 2007), although the mental actions that constitute how the proof came to be are not included.  Understanding of the heuristic mental actions that promoted the proof’s development are desired to be known by mathematicians (Weber, 2010), and of course students. Later in this paper a format will be presented for including critical heuristic actions with proof demonstrations without diminishing the latter’s aesthetic of concision. More generally, incorporating informal thinking associated with the formulation of a definition or property, problem-solving procedure or proof as history has recorded or imagination can envision (as Dewey noted, meaning is more important than truth), provides learners content toward a more satisfying, instructive and complete understanding. Yet the commitment to concision tends to preclude such considerations. For example, mathematics curricula and texts presenting the mathematization of a line define the slope of a line as the “change in y over the change in x”. Were the reciprocal expression, the “change in x over the change in y”, to be included as part of the discussion a valuable learning moment would be established with students’ investigation to determine what they would argue would be the more valuable definition. Here students could engage in an exploration likely involving tinkering, visualizing, and generalizing from the particular, toward coming to a richer and more personal appreciative understanding of the definition in practice. With the passing over of the heuristic investigation, students are passively being informed as to what is, not what makes sense as a consequence of their active engagement and informed decision making. The disregard is compounded in the particular context with the exclusion of considering why m would be used to represent the slope of a line and not the more suggestive s, as the latter would logically seem more appropriate. Were the aesthetic of presenting mathematics to include the commitment to supporting and informing students’ burgeoning intuition, reflective judgement, and emotional resilience, the communication that would constitute their educational experience would take a more responsive and responsible epistemological and ethical turn. In the absence of such affirming considerations, students who reflect on their experience are left to wonder how the mathematical presentation came to be, and why their reasonable concerns are not part of the conversation and demonstration. In that unaesthetic context, alienation is legitimated (cf. Walshaw, 2014; Ernest, 2018).
The formal presentation of properties and definitions, problem-solving procedures and proofs, provides imprimatur for acceptance as part of the body of mathematical knowledge. However, as argued, such a presentation format may well be reasonably experienced by students as disconcerting, given the epistemic character of the engagement being problematically limited. The result is that many students are required to know what they have little reason to believe, and lack needed means for making a dedicated effort – of gaining what Mason and Spence express as “know-to”. ”Knowing-to act in the moment depends on the structure of attention in the moment, depends on what one is aware of. Educating this awareness is most effectively done by labelling experiences in which powers have been exhibited, and developing a rich network of connections and triggers so that actions ‘come to mind’” (1999, p.1). That is to say, becoming aware of heuristic means in the inquiry engagement naturally and logically informs a more productive practice. And with that awareness informing the ideational, interpersonal, and textual elements of students’ mathematics experience, instrumental integrity would shape their mathematical education and decision making.3
Instances of students in early grades discovering and inventing successful arithmetic operations are found in the research literature (cf. Ball, Thames and Phelps, 2008; Davis, 1967; Gordon, 2016; Halliday, 1975). These demonstrate not only creativity and dedicated effort, but the young’s burgeoning intuition. Were the educational goal of the mathematics community with regard to the development and support students’ educated intuition so they become more capable mathematical thinkers, and more thoughtful in general, their state of mind and emotions would be recognized as being an integral part of the textbook-provided mathematical experience. In support of that truly life-enriching educational experience, students could be assisted in developing the resiliency and patience, the psychological disposition, for engaging challenging mathematics problems (Gordon, 2019a). For if students are not supported psychologically/emotionally in their sense-making efforts, stress and disturbance can affect their mathematics engagement with expected poor consequence. Toward their gaining a more realistic and confident hold when engaging problems, they could come to appreciate that “confusion is the foothills to the mountain of understanding”. That is, it would be made apparent that confusion is inherent to engaging a problematic situation, and in an effort to secure a satisfying and enlivening resolution heuristic investigation would likely be essential to the conversation so that productive engagement becomes available. However, with the formal demonstration of problem-solving procedures being the main and rather exclusive communication format in mathematics textbooks, an undesirable consequence could well be students drawing the conclusion that the confusion they experience is a manifestation of their lacking. A most reasonable yet unfortunate and unfair inference for them to draw. For with presenting mathematics absent of considerations regarding its constructed nature, student intuition isn’t promoted and supported, and the negative psychological impact is apparent in the research. A few instances follow where formal demonstrations are re-viewed through a heuristic lens.
Instance One: Going back to at least the middle of the 19th century (cf. Davies, 1850), “invert and multiply” has been presented to students for solving the problem of dividing by a fraction. Revisiting the traditional procedure from a heuristic perspective is instructive. In its absence, students are provided with a technique but with little if any understanding of the investigatory considerations regarding how it came to be. The heuristic of making the problem simpler, which Devlin shared is “how we do mathematics”, provides valuable means for gaining light and happiness. In this way students’ intuition is furthered for the particular case and in general their language for engagement is extended so to support their efforts for effective problem solving. 
With the change of focus to the question of how the problem can be made easier, students have a potentially promising place to begin rather than focusing on their present reality of not knowing how to engage the problem. Consider determining the result of 1/2/3/5, which is quite challenging intuitively despite the digits being elementary counting numbers. Discussion with students has uncovered that dividing by 1 would “do the trick”, as that would leave the numerator as the answer. So consideration shifted to how to change the denominator to 1 without changing the value of the original fraction. Two approaches presented themselves: add 2/5 or multiply by 5/3.  Students realized that if 2/5 is added to the denominator it should be added to the numerator as well, otherwise there is no reason to believe the resulting fraction of just adding to the denominator would have the same value as the initial fraction. However, doing so they came to see the approach doesn’t work. In welcome contrast, with multiplying both the numerator and denominator by the reciprocal of the denominator so to create a denominator of 1, students find their plausible reasoning takes them to the answer. What gets confirmed with this engagement is that their focus on making the problem simpler was critically important, and that the heuristic choosing was of their doing. More completely, they appreciate their developing educated intuition and naturally growing confidence. In this way, they come to understand that their mathematics experience is not exclusively determined by whether they have or haven’t memorized a procedure, but as a consequence of their thoughtful inquiry supported by a language for investigation. 
This re-presentation format can be seen to raise a larger question. The authors of the “Mathematics Education of Teachers II” (American Mathematical Society, 2012) argue that mathematics students would do better learning mathematics with deductive reasoning more a part of their mathematics education (p.10). Rather than just learn some problem-solving procedure, a formal deductive argument would be provided. That makes sense. It could well be helpful in the case of dividing by a fraction that students be shown that if (a/b)/(c/d) is multiplied by (d/c)/(d/c) the result is the more readily approachable expression (a/b)(d/c). However, the question regarding how one would have come to that thinking would still remain. For the problem-clarifying strategy of make the problem simpler provides that rationale, not the formal deductive language of “invert and multiply”. With having available a language for productive engagement, students can more readily depend on their agency to make sense of things. However, as noted, the traditional mode of presentation doesn’t tend to promote that development and understanding. And “As long as students see mathematics as a black box for the instantaneous production of ‘answers’, they will not develop the patience necessary to cope with the many and erratic paths their minds will take in trying to grasp what mathematics is about” (Hanna, 1989, p. 23). This problem would extend to include textbooks where solutions to problems are provided in the back without discussion, which serves to check whether one is correct or not, in contrast to providing heuristic hints in the form of questions so as to offer potential promising direction. The former promotes questionable support, and could well inadvertently raise the level of student doubt and despair given the answer before them and their still being bereft of productive means for engagement. Such dismissal of the reality of engagement represents “A traditional problem of ethics in mathematics [being] the denial of social responsibility” (Ernest, 2020, p. 1).
Instance Two: Older students are traditionally presented with Euclid’s elegant proof of the infinitude of primes. The argument is persuasive and appreciated by those who can follow the proof. Were students informed by the text that the proof form was the result of an effort to make the problem simpler as a consequence of Euclid apparently not being able to generate a direct proof, there is reason for students appreciating the journey as it would provide the needed heuristic perspective for connecting to the creative endeavor. In itself the problem solution is challenging but made more so by the absence of discussion regarding the underlying thinking that in effect respects the naïve reader’s legitimate concerns. More generally, if textbook discussion doesn’t make point of the form of the argument as the consequence of trying to secure means to proceed toward successful resolution – if other than a direct argument, then what would be the impetus for students drawing upon the presented proof form in other contexts? In the particular case considered here, with its absence the student has best learned a fact associated with prime numbers, and perhaps memorized the proof, while the rationale for the selecting the direction for securing of  the successful engagement remains hidden. And that omission raises the question of whether the experience was actually educational in the best interests of the students in terms of supporting their agency.
The argument here is that students would do better were they informed that the story of mathematics is a tale of two languages: the formal and informal. The cultural diversity provided with having both informing the conversation would seem essential as it would help students understand that their intuitive thinking is critically important, and that heuristic considerations represent that thinking. The goal to develop students’ intuition, their exploratory sense of how to proceed, is not a new idea of course. “In 1894 the first national commission on mathematics education [in the US] . . . issued a report recommending, among other things, that mathematics be taught . . . [so that] there be ‘more emphasis on intuition and thinking’” (Willoughby, 1996, p. 8). That it tends to continue to be absent from curricular and textbook presentations would seem a cultural not epistemological problem, as the presence of the heuristic engagement provides the convincing evidence of its necessity. Were curriculum materials and textbook presentations to acknowledge the value and validity of heuristic practices, there would be opportunity for greater recognition and support of student’s developing intuition in an effort to develop their mathematical awareness (cf. Mason, Burton, and Stacey, 1982; Schoenfeld, 1983 and 1989). And, more completely, acknowledge the integrity of their mathematics experience. 
Instance Three: The Law of Sines, demonstrated in the frame of the Euclidean plane, would suggest the Law of Cosines would be introduced in the same frame, at least for initial consideration. However, in traditional US mathematics textbooks, without explanation, the latter is derived as the consequence of being set in the Cartesian plane. So here too it could be expected that student disorientation and loss of confidence are the undesired natural and logical consequences. Yet such a demonstration would be expected given the prevailing cultural belief that “The more you have to put into an argument, in terms of prerequisite knowledge, the more elegance the argument loses” (Dreyfus and Eisenberg, 1986, p. 3). 
The inherent fragmentation locates a fundamental pedagogical problem and in effect represents the initiation required to become a member of the community. “. . . The attainment of culture on the part of an individual depends upon long effort by the community to which [the person] belongs. It is not primarily an individual trait or possession, but a conquest of the community won through devotion to ‘duty’” (Dewey sharing Kant’s perspective, 1915, pp. 62-63). However, duty is absent of volition, and so is of lesser value when considering an ethics of decision making. Were the promotion of students’ educated intuition and thoughtful development a foundational goal of the mathematics community, the mathematics curriculum, textbook, and classroom experience would be reconceived. While aesthetics and ethics may be seen as being two sides of the same coin, the unity seems to have little currency in the formal presentation model of mathematics. 
LOGICAL PROOF AND ITS PROBLEMATIC INFERENCE
Polya shared how essential heuristics was to proving. As mentioned earlier, he distinguished “mathematics in the making” from “mathematics as presented”, but with the formal textbook presentation not acknowledging the “making”, mathematics is seen as having a disconnected “front and a back” (Hersh, 1991), with the “front” the formal demonstration and the “back” the investigative thinking that led to establishing the finished argument left absent from view.
Consider Euclid’s classic proof of the sum of the angles of a plane triangle. As the reader well knows, Euclid’s demonstration required his establishing a 5th postulate. Indeed, the first step of the argument, “Draw a line through a vertex . . .” contains in essence the entire proof. However, while the proof provides a convincing argument that the sum of the angles is 180o and an explanation why as a consequence of parallel lines, how the argument came to exist is not made explicit. The opening statement supported by an assumption provides no rationale for its existence other than it works, justifying student confusion regarding how the argument was constituted. After all, “Mathematical ideas are discovered through an act of creation in which formal logic is not directly involved. They are not derived or deduced but developed by a process in which their significance [is] . . . recognized by informal intuition” (Hanna, 1989, p. 22). Were the critical heuristic decision making that enabled the argument (1956, Proposition 32, Book 1) to be constructed shared mathematical understanding would more likely be gained. However, “It is thought that Euclid must have studied in Plato’s (430 B.C.E.–349 B.C.E.) Academy in Athens, for it is unlikely that there would have been another place where he could have learned the geometry of Eudoxus and Theaetetus on which the Elements is based” (Krantz, 2007, p. 14). And Plato’s commitment to the eternal nature of mathematics meant the investigatory “uncovering” process was not essential to the presentation of the demonstration. The continued commitment of the mathematics community to the Platonist aesthetic, the essential mental actions that shaped the creative engagement are given little if any acknowledgement in the presentation, limiting the reader’s understanding of mathematics and the valuing of their own intuitive and reflective capacities.  
Yet there’s more that can be shared. It has been argued that “at its inception, Greek abstract mathematical thought developed from discussions about diagrams. The deductive proofs were developed primarily to explicate the relationships that existed in the diagrams. In that sense, [it was] argued, diagrams were primary” (In De Young, 2009, p. 321). And as Thales and Pythagoras had been to Egypt and learned that the sum of the angles of a plane triangle had been experientially determined to equal two right angles, it is likely that was known to Euclid, but the formal demonstration remained unproven. So the problem Euclid faced was how to demonstrate deductively that the straight angle of 180o had the same sum measure as that of the non-linear triangle angles. A diagram would provide the essential relationship. One could imagine determined investigative effort (informed by intuitive tinkering) would be rewarded by visually connecting the triangle angles and the straight line angles by parallel lines. The convincing image meant Euclid found the need to invent and begin with the 5th postulate, and drawing upon the heuristic of generalizing from the particular it was clear to him the argument was complete. 
It would seem sharing such a story could provide students valuable means to realistically engage and appreciate the argument. Yet with such considerations at a distance from the formal presentation, student disequilibration,  or in some cases awe, would seem the more reasonable conclusion.  And that response is not limited to the particular proof. In a study of undergraduates taking a course in transitioning to proof “All of the students said they had relied on memorizing proofs because they had not understood what a proof is nor how to write one” (Moore, 1994, p. 264). That outcome would be rather expected given that “The formal-logic picture of proof is not a truthful picture of real-life mathematical proofs” (Hersh, 1993, p. 391). Yet it is that view that determines how mathematics texts are written. Logically and naturally, “The outcome may be elegant texts . . ., but they also generate learning obstacles through [the] reformulation” (Ernest, 2008, p.  67).The seeming paradox appears with student confusion being the response to being presented with pristine logical arguments; but as Lakatos noted, “. . . those who claim that deduction is the logic of mathematical discovery are wrong” (quoted in Ernest, 1998, p. 100). 
To respond to the difficulties students have when engaging a proof situation, colleges in the US are introducing a course, Introduction to Proofs, and the authors of the “Mathematics Education of Teachers II” (AMS, 2012) have commented on the need for prospective high school teachers to take the course as well. Their thinking is that “In order to be able to recognize, foster, and correct their students’ efforts at mathematical reasoning and proof, prospective high school teachers should analyze and construct proofs themselves, from simple derivations to proofs of major theorems. Also, they need to see how reasoning and proof occur in high school mathematics outside of their traditional home in axiomatic Euclidean geometry. Important examples include proof of the quadratic formula. . .” (op cit., p. 59). The reader can observe the curriculum for the “Introduction to Proof” courses presently offered by major universities (e.g., MIT, Univ. of California-Berkeley, and Johns Hopkins) on the Internet, along with their continued focus on the language and organization of procedures of formal demonstration. With the cultural commitment to the presentation of deductive reasoning exclusive of recognizing intuition and the heuristic investigation that gave it form, plausible reasoning for promoting decision making is apparently not a focus of the course curriculum. However, “. . . it is the intuitive bridging of the gaps in logic [in a proof] that forms the essential component of the idea and its implications” (Hanna, 1989, p. 23). So it could well continue that students would naturally and logically draw the inference that it is their shortcomings that is the determinant of the difficulties they are having in trying to analyze and generate demonstrations, when in fact it could be expected as a continuing consequence of the presentation model bereft of instructive signs of human engagement. 
Student difficulty regarding proof construction led the NCTM in its Standards (1989) to minimize the role of proof and in its place promote conjecture and investigation, but the NCTM’s Principles and Standards (2000) reestablished the significant role that reasoning and proof should have in the mathematics curriculum (Hanna, 2000). The tension is apparently not only being experienced by students. The present editor of the NCTM’s Mathematics Teaching and Learning journal (which has replaced The Mathematics Teacher) shared that they are not accepting proofs for publication, seemingly acknowledging the continuing difficulties. The concern extends beyond the US. Hanna wrote that “Proof has lost ground to heuristics in the United Kingdom as well”, in the British National Curriculum in the years concluding the 20th century (ibid, p. 11). She also discussed the growing acknowledgement of the significance of heuristics by the mathematics education community sharing that “Their argument is that much of what parades in the classroom as the teaching of proof is actually the rote learning of mathematical proofs, devoid of any educational value.  . .  Accordingly they would support cultivating a perception of mathematics as a science that stresses heuristics and the inductive approach” (ibid, p. 10). Such a decision could have profound consequence on student learning with classroom conversation enlivened by the context of discovery included with the context of justification. 
With the continued commitment by the mathematics community to excluding the investigatory process, heuristics can be understood as the hidden constant in formal arguments. With all signs of the engagement, such as those above considerations, absent from textbook presentations, the opportunity for a more intuitively satisfying understanding remains at a distance. So it makes sense to expect that in response to this general omission there have been and continue to be epistemological and emotional challenges associated with students’ mathematics experience, especially as the separation of the context of discovery from the context of justification has a long history (Van Bendegem, 1993). However, the essential intuitive decisions made possible by drawing upon heuristics in the development of mathematical proofs can accompany formal proofs. A format is offered in what follows that doesn’t disfigure the traditional presentation format, but can be seen to support the effort to providing an informed communication.
THE ETHICS OF COMMUNICATION AND THE PRESENTATION OF MATHEMATICS 
Ethics and mathematics have been recognized as having a non-empty intersection (cf. Hersh, 1990; Ernest, 1998, 2018, 2020, and in press; and Skovsmose, 2020). It is not solely an expression of individual concerns. In 2019, the Executive Director of the Mathematics Association of America, Michael Pearson, issued a three-part series, “The Critical Study of Ethics in Mathematics”, written in conjunction with the American Mathematical Society which had released its “Policy Statement on Ethical Guidelines” sharing that “doing mathematics, in and of itself, is a good thing (or at least value-neutral)”. But that perspective was not the complete picture. He also recognized the Society of Industrial and Applied Mathematics whose publication, “Mathematics and Ethical Engagement”, contained the statement that “one always performs mathematics in a social and political context, never in value-free isolation”. The opposing perspectives demonstrate the ambiguity and tension regarding the presentation of mathematics with regard to its ethical role in and acceptance by the mathematics community. 
Yet, it seems eminently reasonable that “Any comprehensive model of organization must incorporate an understanding of the role of values and ethics. Although it is easy to adopt an ethically neutral approach when discussing organizations and communication, this is simply not an option.” The author goes on to say one “ought” to place ethics as a first principle of communication (Seeger, 1997, p. xii). As regards the mathematical experience, that would raise the question regarding what ethical obligation if any does the presenter of a mathematics proof have. After all, while there are various functions of a mathematical proof (de Villiers, 1990), at bottom it is a communication. However, as Ernest recognized, “Any attempts to raise ethical issues with regard to pure mathematics are seen as possibly tainting or lowering the subject from its elevated state of purity” (in press, p. 17). But, [as] pure mathematics research is “almost devoid of ethical context, then it becomes all the more essential [as mathematicians] to heed our general ethical obligation as citizens, teachers and colleagues” (Hersh quoted in Pearson, 2019). In agreement with Hersh, Ernest recognized “mathematics departments involve teaching with both personal and institutional ethical obligations to students” (ibid, pp. 8-9). With regard to the presentation of proofs, that obligation can be evidenced with recognition of the audience and the value of incorporating the heuristic decision making without disfiguring the traditional format.
[bookmark: _GoBack]The distinction between “demonstrative reasoning” and “plausible reasoning” (the “front” and the “back”) is not of polar opposites that needs to be seen as problematic. As Polya recognized, “they don’t contradict each other; on the contrary, they complete each other” (1954, p. vii). In that supportive direction, there is epistemic and ethical value in having problem-clarifying strategies accompany the proofs they were instrumental in developing. In so doing the explanatory how of the proof argument is made explicit and the communication made more whole. And it can be done in a manner that respects and instrumentally informs the reader.  With regard to professionals in the mathematics community, the heuristic considerations could be shared after the proof presentation. In this way the formal demonstration can be appreciated absent of any scaffolding, yet the critical investigative decisions would be available for a more complete understanding. For students, the heuristic explication could well be more valuable were it to precede the textbook demonstration, to make prefatory the connective tissue underlying the thinking to follow. With this complementary offering, the formal communication affirmatively recognizes its epistemological and ethical obligation to the reader and society providing the opportunity for a more cohesive and coherent understanding. 
IN SUM
The formal demonstration of mathematics informed by an aesthetic of concision establishes an epistemological and ethical ambiguity and tension regarding the value of the presentation and the nature of its communication. With the presentation traditionally excluding the instrumental informal decisions responsible for its becoming – the heuristics that brought it into being, it inadvertently forestalls its obligation to the community of learners and practitioners of the opportunity for gaining more complete understanding. However, this need not be.
The origins of mathematical demonstrations were plausible arguments that drew upon heuristics, such as diagrams and analogies (Krantz, 2007). Over time, mathematicians including Archimedes, Descartes, and Gauss made clear how fundamental the informal heuristic effort was. And in the second half of the 20th century heuristics gained prominence as a consequence of Polya who explicated its critical role in formulating mathematical demonstrations (1945; 1954; 1962) and Lakatos (1976) who argued that mathematics does not develop as a deductive science but by refutations and conjectures supported by heuristic efforts. Ippoliti’s historical and mathematical analysis of the “manufacture” of the group concept (2020) makes evident its instrumental value, sharing that “the heuristics that gradually have led to its formation and refinement . . . displays paradigmatic features of the core of problem-solving” (p. 1). 
These considerations along with instances presented earlier hopefully provide sufficient argument that heuristics not be kept separate from proofs and other problem-solution demonstrations. Especially as regards students’ experience, given the difficulties many have engaging mathematics, epistemological and ethical considerations would seem to support the incorporation most acutely. And unification is not unrealistic. There is the thinking that “The traditional idea of proof will prosper because it will interact with other types of verification and affirmation” (Krantz, ibid, p. 35). Recent research evidences practitioners changing aesthetic regarding its presentation, as an analysis of mathematicians’ proof appraisals found that “Contrary to the classical view, beauty and simplicity are almost entirely unrelated in mathematics” (Inglis and Aberdeen, 2014, p. 87). More completely, it can be appreciated that Bourbaki has lost its influence regarding mathematics demonstration. This can be seen in the recognition that “we discover mathematics, we create mathematics using intuition and trial and error. Certainly we draw pictures. Certainly we try things and twist things around and bend things to try to make them work. Unfortunately, Bourbaki does not teach any part of this [heuristic] process” (Krantz, ibid, p. 29). 
This is to say, there is good reason and evidence to support the presentation and practice of heuristics as it is instrumentally essential. Its incorporation as an integral element of the mathematical experience would acknowledge the epistemological and ethical commitment of the mathematics community to both the student and society. In addition to the professional members of the community furthering their understanding, its presence would provide students opportunity to gain greater awareness regarding the nature of mathematics, and experience a more realistic, informative and rewarding engagement with their investigative efforts in resonance with demonstrations that evidence heuristic actions. That is, “Innocent though the conclusion may seem, it is of fundamental importance” (Van Bendegem, 1993, p.  28). 
With cultural diversity secured by the informal language of investigation in union with the formal demonstration, the offering of mathematics would enable more students to appreciate their mathematical experience, in essence establishing a greater unifying opportunity. After all, with heuristic application transcending the content boundaries of mathematics investigation, the mathematics community would have opportunity to create and offer a more enlightening and ethical mathematical experience to a wider and more appreciative audience.
 NOTES
1 While it is well appreciated that there is science in art and art in science, art as presented doesn’t have the obligation as science to make the supporting investigation more explicit. And with mathematical arguments offered in an artistic vein, it is difficult to know how the conclusion was experientially secured. Were mathematics to reflect more the doing of science, it would create the opportunity to further its own development.
2 It wasn’t that Plato did not appreciate heuristic practice as he shared its application in his Meno, representative of the maieutic method that was the practice at his Academy when engaging mathematics. But as the engagement represented chance and change, the antithesis of Parmenides’ construct of permanence representing what was Real that Plato held about mathematics, it was not considered part of the formal presentation. However, as Plato was given to dialogue toward uncovering understanding as the basis of the educational experience rather than the presentation of right answers, he would distinguish mathematical truths we recall from the array of notions we employ to get ourselves there. So it makes sense to think that he would not be for eliminating from discussion the means drawn upon, as they could well be valuable in other contexts. Unfortunately, the absence of the heuristic engagement with regard to formal demonstration in textbooks, journals, and other formal presentations as a consequence of an aesthetic of concision has made learning mathematics unnecessarily difficult. 
3  Any commitment to measure the efficacy of such a turn at determining the effectiveness of the incorporation of heuristics into the curriculum would hopefully not make an evaluation based upon an “injection” of heuristics, as it is a “change in diet” over an extended period of time that would seem to be needed to secure a significant difference. 
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